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ARQ-based Average Consensus over Unreliable
Directed Network Topologies

Evagoras Makridis, Themistoklis Charalambous, and Christoforos N. Hadjicostis

Abstract—In this paper, we address the problem of discrete-
time average consensus, where agents (nodes) exchange in-
formation over unreliable communication links. We enhance
the Robustified Ratio Consensus algorithm by embedding the
Automatic Repeat ReQuest (ARQ) protocol used for error
control of data transmissions, in order to allow the agents to
reach asymptotic average consensus even when operating within
unreliable directed networks. This strategy, apart from handling
time-varying delays induced by retransmissions of erroneous
packets (that can be captured by the Robustified Ratio Consensus
as well), it is also possible to handle packet drops that occur due
to excess of a predefined packet retransmission limit imposed by
the ARQ protocol. Invoking the ARQ protocol allows nodes to:
(a) exploit the incoming error-free acknowledgement feedback
signals to initially acquire or later update their out-degree, (b)
know whether a packet has arrived or not, and (c) determine
a local upper-bound on the delays which is imposed by the
retransmission limit. By augmenting the network’s correspond-
ing weighted adjacency matrix, to handle time-varying (yet
bounded) delays and possible packet drops, we show that nodes
can make use of the proposed algorithm, herein called the ARQ-
based Ratio Consensus algorithm, to reach asymptotic average
consensus, despite the fact that the communication links are
unreliable. To the best of the authors’ knowledge, this is the
first consensus algorithm that incorporates a communication
protocol for error control used in real communication systems
with feedback.

Index Terms—average consensus, digraphs, unreliable com-
munication, retransmissions, delays, packet drops, ARQ protocol,
ratio consensus.

I. INTRODUCTION

Robust information exchange between computing nodes
(usually referred as agents or workers) is essential to apply var-
ious estimation and control algorithms in spatially distributed
multi-agent systems [1]-[6]. Such distributed systems involve
multiple nodes where each individual node has no knowledge
of the entire system, but instead it only has some local
information. Hence, to achieve certain network-wide (global)
objectives, each node needs to either interact with a central
master node (in a centralized master-worker architecture), or
with its immediate neighbors (in a peer-to-peer decentralized
architecture) via a communication network. Centralized
topologies involve a master node collecting information
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from all other nodes to compute a global decision that
achieves a network-wide objective. Decentralized topologies
rely on nodes interacting with each other (without the need
of a central coordinator) such that a global decision is
obtained by combining local information (see [7] for a short
review on network topology architectures for distributed
computation). In practice, both communication network
topologies pose some limitations and constraints on the
information flow between nodes, which arise mainly due to
network congestion and unreliable communication channels.
Such impediments induce transmission delays and packet
drops, affecting the performance and reliability of distributed
computation algorithms. These issues are even more ob-
vious in centralized network topologies, since the master
node in large-scale centralized topologies may become a
communication bottleneck, especially when the network
resources are fixed and limited, because it needs to maintain
communication with all worker nodes in the network [8].
Besides the communication bottleneck at the master node,
centralized networks are vulnerable to single points of failure
since a potential failure of the master node could lead to the
failure of the entire network [7].

Distributed decision-making methods through peer-to-
peer network topologies, often rely on nodes interacting
with each other to compute a global value (e.g,, , the average)
of a certain common quantity such that a global objective is
achieved. The problem where a network of nodes maintain
local information which is exchanged with neighboring nodes
compute their average value is called (distributed) average
consensus (see [9] for an overview of consensus methods).
Under specific conditions on the network topology and the
interaction between the nodes, an accurate computation of
the average value (i.e., the network-wide average of the agents’
initial values) can be obtained, either asymptotically [10]-
[12], or in finite time [13]-[15]. Several practical examples
limit the exchange of information from bidirectional to
directional mainly due to diverse transmission power and
interference levels of each individual node in the network.
The information flow in such a paradigm is directed meaning
that an agent v; may be able to receive information from
another agent v;, but this does not necessarily imply that
v; is able to send information to v;. In this configuration,
the network topology can be modeled using directed graphs
(digraphs), where the agents are represented by the graph’s
nodes, and the communication links that enable information
exchange between agents are represented by the graph’s
edges.

For directed network topologies, the results in [12],



[16], [17] have shown that agents can asymptotically reach
the average. In the presence of computational and/or
transmission delays on the information exchange between
agents, the authors in [15], [18] proposed ratio-consensus-
based algorithms, able to reach (asymptotic in the former,
finite-time in the latter) average consensus in directed
communication networks in the presence of bounded time-
invariant and time-varying delays. The ratio consensus
algorithm proposed in [19], proved to be able to reach
average consensus by computing in an iterative way the
ratio of two concurrently running linear iterations with
certain initial conditions that are properly specified. An
extension of the ratio consensus algorithm is proposed in
[20], where nodes exchange messages containing information
of their running sums to handle potential loss of packets.
They proved, by introducing extra virtual nodes and links
describing the aforementioned communication scenarios
and topology, that network nodes asymptotically converge
to the exact average. For similar scenarios, the authors in
[21] proposed a corrective consensus algorithm that enables
the practical use of consensus by each node through extra
variables, and extra corrective iterations, to prove almost
sure convergence to the exact average in the presence of link
losses.

In this paper, we cast the problem of discrete-time average
consensus over possibly directed network topologies into
the framework of the Automatic Repeat reQuest (ARQ)
error correction protocol, which is the fundamental block
for reliable communication in practical systems. Invoking
the ARQ protocol allows nodes to exploit incoming error-
free acknowledgement feedback signals to initially acquire
or later update their out-degree, know whether a packet has
arrived or not, and determine a local upper-bound on the
delays, imposed by the ARQ retransmission limit. To the
best of our knowledge, this is the first time that a realistic
communication error correction protocol currently used
in many real-life telecommunication systems, is integrated
with distributed consensus iterations to compute the exact
average consensus value over unreliable networks. Finally, we
provide the proof of asymptotic convergence of the proposed
method to the exact average and we evaluate its performance
via simulations for different realistic scenarios. The proof
is based on augmenting the weighted adjacency matrix
that represents the network topology and the interactions
between nodes, to model possible arbitrary time-varying (yet
bounded) delays and packet drops on the communication
links.

The remainder of this paper is organized as follows.
Section Il introduces the network model, the ARQ error
correction protocol, the basic Ratio Consensus algorithm,
and the Robustified Ratio Consensus algorithm for directed
graphs. Section 1] describes the ARQ-based Ratio Consen-
sus method for handling unreliable communication such as
delays and packet-drops due to retransmissions and excess of
a predefined retransmissions limit, respectively. In Section [V
we present the augmented digraph representation needed

for the proof of convergence of the proposed method, while
in Section V we provide numerical simulations for different
packet error probabilities. Finally, in Section VI we provide
the concluding remarks and present future directions.

II. BACKGROUND
A. Network Model

Consider n agents (represented by graph’s nodes) com-
municating over a strongly connected network, G = (V, ),
where V = {v1,---,v,} is the set of nodes and £ CV x V
is the set of edges (representing the communication links
between agents). A directed edge ¢;; = (vj,v;) € €, where
v;,v; € V, represent that node v; can receive information
from node wv;, ie, v; — v;. The nodes that transmit
information to node v; directly are called in-neighbors of
node v;, and belong to the set N;~ = {u; € V|eji € £}. The
number of nodes in the in-neighborhood is called in-degree
and it is represented by the cardinality of the set of in-
neighbors, d;” = |[N;"|. The nodes that receive information
from node v; directly are called out-neighbors of node v;,
and belong to the set N7 = {u; € V]ey; € £}. The number
of nodes in the out-neighborhood is called out-degree and it
is represented by the cardinality of the set of out-neighbors,
d;‘ = |./\/J+| Note that self-loops are allowed in digraph G
and this implies that the number of in-going links of node
vj are (d; + 1) and similarly its out-going links are (d;r +1).

B. Ratio Consensus over Directed Graphs

The problem of average consensus involves a number
of nodes in a network represented by the digraph G,
that cooperate by exchanging information to compute the
network-wide average of their initial values for a certain
quantity of interest. Each node v; maintains two state
variables (initialized at x}) = V7, where V7 is an arbitrary
value of node v;), zi € R, and an auxiliary scalar variable,
y;, (initialized at yj = 1), at each time step k. The iterative
scheme of the ratio consensus algorithm for updating the
variables such that average consensus is achieved, is given

by:

Tl =PTL A Y Piith, (1a)
vi €Ny
Verr =Pl Y Piibh (1b)
v €N
J
j 11
Z£+1v: j+ s (Ic)
Yi+1
where the collection of weights P = {p;;} € R}*"

representing the interactions between nodes, forms a column-
stochastic matrix. Often, the weight p;; is assigned using the
following mechanism:

H#’ U1 E./\/‘]+U{Uj},
J

0, otherwise.

Py = 2)



Since each node v; assigns the weights according to (2),
it is required that the nodes have the knowledge of their
out-degree. As soon as the weights are assigned by all
nodes, the nonnegative weighted column-stochastic adjacency
matrix P is formed and (possible) zero-valued entries denote
the absence of communication links (edges) between the
corresponding nodes in the digraph.

The auxiliary scalar variable yj, is used to asymptotically
compute the right Perron eigenvector of P which is not
equal to 1, since P is not row-stochastic [22]. Forcing the
auxiliary variable to be initialized at value 1 for each node, we
can verify that limy, o 33, = n (7]’ and that limy_,o 27, =
()" Yoi, xh, where 71'C is the rlght eigenvector of P. Hence,
the limit of the ratio z7, over y, is the average of the initial
values and is given by [19], [23]:
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Remark 1. The Ratio Consensus algorithm assumes that
communication links within the network are perfectly reli-
able, and that each node v; is aware of its out-degree dj+.
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C. Robustified Ratio Consensus over Directed Graphs

In practice, packet transmissions are often delayed due
to bad channel conditions and network congestion. To
overcome this issue, the authors in [18] proposed a protocol
that handles time-varying delays to ensure asymptotic
consensus to the exact average, despite the presence of time-
varying (yet bounded) delays in the communication links.
To get an intuition of their proposed protocol, consider that
node v; at time step k& undergoes an a priori unknown delay
denoted by a bounded positive integer 77" < 7% < co. The
maximum delay in the network is denoted by 7 = max{77*}.
Moreover, the own value of node v; is always instantly
available without delay, i.e, 777 = 0,V k. Based on this
notation, their proposed strategy involves each node updating
its states for each iteration according to:
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Yet1
where Liﬁr is an indicator function that captures the bounded

delay T,Zi < 77% on link 7% at iteration k, defined as

o i
g 1, if7]
k—r 0’

- (5)

otherwise.

Here it is important to note that, a transmission on link /¢
undergoes an a priori unknown delay, for which node v; is
unaware of, but instead, it processes (delayed) packets as soon

as they arrive successfully. Clearly, in the absence of delays,
this strategy reduces to the Ratio Consensus algorithm in

(1).

Remark 2. The Robustified Ratio Consensus algorithm can
handle (possibly) delayed information exchange between
nodes, neglecting possible packet drops due to erroneous
packets. Moreover, it assumes that each node v; is aware of
its out-degree dj'.

D. Error Correction Protocol - Automatic Repeat reQuest (ARQ)

Several message transmission protocols such as the Trans-
mission Control Protocol (T'CP), the High-Level Data Link
protocol, and others, utilize Automatic Repeat reQuest
(ARQ), an error control protocol for data transmission used
to maintain reliable packet transmissions over unreliable
communication [24], [25, §6], [26, §85]. ARQ uses error-
detection codes, acknowledgment (ACK) or negative ac-
knowledgment (NACK) messages, and timeouts to maintain
the reliability of data transmissions. An acknowledgment is
a feedback signal sent by the data receiver to notify the data
transmitter whether a packet has been successfully received
or not. Here it is important to note that the ARQ feedback is
sent over a narrowband error-free (with negligible probability
of error in the reception of this packet, which is usually of 1
bit) feedback channel that is not used for data transmission,
hence the network topology could still be assumed directed,
as discussed further in the subsequent section. The ARQ
feedback procedure is repeated until a packet is successfully
received (without errors) or dropped due to excess of a
predefined limit of retransmissions. In other words, the
receiver has up to a predefined number of retransmission
trials to receive the data packet correctly, otherwise the packet
is dropped. A retransmission requested by data receivers
introduces a delay of one time slot, since the receiver will get
the intended packet as soon as the transmission is successfull.

ITI. ARQ-BAsED RaTio CONSENSUS

In this section we propose a distributed Ratio Consensus
method, herein called the ARQ-based Ratio Consensus
algorithm, to ensure asymptotic convergence to the network-
wide average value, based on the ARQ protocol for reliable
information exchange (described in §II-D). Under the
consensus framework, each node acts as a data transmitter
(receiver) when transmitting (receiving) data to (from) its
out-neighbors (in-neighbors) utilizing the ARQ protocol
described. In particular, at each time slot, all nodes send
their values to their adjacent neighbors, and they receive an
ACK as soon as the data packets containing the nodes’ values
are correctly decoded. In contrast, a NACK is fed back to
the nodes transmitting the data packets, if the receiving node
failed to decode the data packet. Unsuccessful decoding or
reception of a data packet can be modeled as transmission
delay in the communication link, while possible excess of
the ARQ retransmission limit is modeled as a packet loss
for the corresponding message.



Each node assigns its self-weight and the weights of its
out-neighbors using (2). Here, it is important to mention
that each node can acquire its out-degree by summing the
number of its incoming ARQ feedback signals (ACK/NACK)
which indicates the number of the out-neighbors. This can be
established at the initialization, by having nodes broadcasting
a dummy packet in order to identify their out-neighbors.
As aforementioned, although one could argue that the use
of ARQ feedback contradicts the assumed directed network
topology, this is not the case because it does not imply
bidirectional (undirected) communication, since the ARQ
feedback signal is transmitted over a narrowband feedback
channel, which cannot support data transmission due to the
high data rate required and, hence, larger bandwidth and
higher-order modulation. As soon as the weights are assigned,
each node updates its own consensus variables using received
information from its in-neighbors.

A. Handling Erroneous Transmissions (delays) and Packet Drops

Recall that a negative acknowledgement (NACK), due
to erroneous packet reception of information sent by the
receiving node v;, implies that the transmitting node v;
should retransmit the same information in the next time
slot, unless the retransmission limit, 7/%, has been exceeded.
For simplicity of exposition, it is assumed that the communi-
cation link from v; to v; is stationary. Hence, the probability
that a transmitted packet contains an error (detected by the
receiver) is constant and it is denoted by ¢7%. Recall that, a
detected error corresponds to a NACK that is sent by the
receiver to the transmitter to request a retransmission. In
such a case, a delay of one time-step is induced, as shown in
Fig 1. For a packet that was initially transmitted at time k£ on
link €77, the delay of information is denoted by 7{". During
the last trial of a packet transmission (when the maximum
retransmission limit has been exceeded, ie, 77" = 7%,
the transmitting node receives the last ARQ feedback for
this particular packet from the receiving node. If the ARQ
feedback is NACK (error detected in the receiving packet),
then the packet is dropped. Otherwise, the packet is received
successfully at the receiving node. Recall that the value of
node v; is always available to itself (self-loop) without delay,
727 = 0. Since all nodes in the network utilize internally
an ARQ protocol, it is natural to imply that the delays are
bounded by the predefined maximum allowable number
of retransmissions, for all k > 0, ie, 0 < 77" < 794 < 7,
where 7 is the maximum delay of all packets sent within the
network at all time instants, i.e, 7 = max{7/%}.

For simplicity of exposition, we assume that the channel
follows a Bernoulli distribution. Hence, the probabilities for
different number of consecutive NACKs for a packet initially
transmitted at time instant k over link ¢ are defined as

(no error)

(1 NACK)

P(rj’ = 7%) = (¢")7" (1 — ¢/"), (max # of NACKs)

P(rit =790 4 1) = (¢7)7 1, (packet drop)

where P(-) refers to the probability that the event in the
argument "-" will occur. Recall that a packet may be dropped
if the maximum allowable retransmission number (77%) is
exceeded. A successful reception of a packet sent over link
¢’% is denoted by the indicator variable H?j_ﬁji =1, while for

a dropped packet is denoted by I7* =0.
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Fig. 1: Erroneous packet propagation.

B. Feedback Schemes for Ratio Consensus

In this work, we consider two different schemes for
utilizing the ACK/NACK feedback for the ARQ-based
Ratio Consensus algorithm. The idea of these two schemes
arise naturally since multiple packets (new or delayed) may
be transmitted over the same link /¢ within a time slot.
Both schemes involve receivers that feed back ACK/NACK
signals for each transmission that arrive. However the
former involves multiple individual transmissions and their
corresponding ARQ feedback signals, and the latter involves
single transmissions that contain the aggregated information
and their corresponding ARQ feedback signal (that signi-
fies whether the aggregated packet has been successfully
decoded).

1) Muliiple Transmissions Multiple Feedback (MTMEFE): In
this scheme, each new packet is sent individually along with
possibly retransmitted (delayed) packets. To get an intuition,
consider a simple example with two nodes v; and vs, shown
in Fig. 2. During the first time slot (starting at k = 1), a new
packet (containing a weighted version of the state according
to (2)) is sent over link £/%, where node vy detects an error
in the received packet, and sends back a NACK. By the
second time slot, node v; has the NACK feedback sent from
vg, and retransmits the previous packet w?!, along with the
new packet w3!. Within this time slot, node vy successfully
receives the delayed packet w?! for which it sends an ACK,
but it detects an error in the new packet w3! for which it
sends a NACK. The same procedure is followed for the latter
transmissions. Note that, this scheme requires transmissions

and ARQ feedback signals to be identified.
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Fig. 2: An individual ARQ feedback (ACK/NACK) is sent for each
packet, within each time slot. Red single arrow denote a NACK;
orange bus arrow denote multiple ARQ feedback of ACKs and
NACKs; green bus arrows denote multiple ACKs; shaded rectangles
represent erroneous packets.

2) Single Transmissions Single Feedback (STSF): In this
scheme, transmitting nodes aggregate the information (from
new and delayed packets) in a single packet to be sent within
a single time slot. Hence, receiving nodes need to send back
a single ARQ feedback (ACK/NACK) within the same time
slot. To get an intuition, consider a simple example with
two nodes v; and wvq, shown in Fig. 3. Node v transmits
a packet w?!, to node vy within the first time slot. Within
the same time slot, node vy detects an error and requests a
retransmission by sending back a NACK. By the next time
slot, node v; has the NACK and calculates the summation
of the weighted values of the delayed packet and the new
packet, in order to transmit a single packet w3'. Under this
scheme, node vy sends only a single ARQ feedback to node
v1, according to the error detection mechanism.

|
v1

w3 |

v2

R A
A S

k=1 k=2 k=3 k=4

Fig. 3: Receiving node sends an ARQ-feedback (ACK or NACK)
for the aggregated information of all received packets, at each time
step k. Red arrows denote NACKs; green arrows denote ACKs;
shaded rectangles represent erroneous packets.

C. ARQ-based Ratio Consensus Algorithm

Herein, we describe the ARQ-based Ratio Consensus
algorithm for the feedback schemes considered in §111-B. In
the following steps, we describe MTMF in detail, but one
can adjust the algorithm for the STSF scheme. Specifically,
each node v; executes the following steps:

o First, the initial state # = V7 is determined by the

information (often local sensor reading) on which the
network of nodes must come to agreement. As soon as

the input has been processed, all the auxiliary variables
are initialized at y§ =1, nj, =0, ¥{' =0, o}, =0, and
x5 = 0.

e Second, the out-degree of node wv; is acquired by
broadcasting a dummy package and summing the
number of received ARQ feedback signals from its
in-neighbors. Note that, one could improve the out-
degree acquisition accuracy by executing this process
several times. 4 '

e Node w; updates its states x;_ , and y,, , using
equations in lines 11-12, whenever the actual packet
retransmissions over link /% have not reached the
maximum retransmission limit (77¢) imposed by the
ARQ) protocol.

o In case the retransmission limit of a packet has been
reached, then the running sum mechanism, in lines 14-
206, is activated. At this stage, the running sum variables
O’i_i_l and 7}@_1 are updated according to lines 14-15.
The accumulated information in the running sum vari-
ables of each node v; is transmitted to its out-neighbors.
If the packet arrived at the receiving node v; without
errors, then variables X?cl-i-l, and wiz_i_l are updated with
the accumulated masses o7, 41 and . 41 respectively. In
contrast, if the packet is erroneous, then the auxiliry state
variables X?j_i_l and 1/)&_1 remain unchanged. With the
next (possibly delayed) transmission, the information
held in the auxiliary variables is updated accordingly.

D. Simple Example

To get an intuition of the ARQ-based Ratio Consensus
algorithm, we provide the following example with the aid of
a graph representation. Here it is important to note that, the
augmented graph representation is only used to exploit the
modeling and analysis of the algorithm without affecting its
actual implementation. More details regarding the augmen-
tation of the digraph are presented in the subsequent section.
Consider a digraph of two nodes, shown in Fig. 4, where
node v; and vy utilize an ARQ protocol with maximum
retransmission limit (maximum possible delay) 7!2 = 1,
and 72! = 2, respectively. In this graph representation, we
augment the original digraph by adding extra virtual nodes
and extra virtual buffer nodes to capture the effect of delays
due to retransmissions, and possible packet drops. Initially
transmitted information will reach its recipient through
virtual nodes (shown in orange squares) that model the
induced delays due to retransmissions. In this example, we
set the probability that a node receives an erroneous packet
to be ¢/* = 0.4. Hence, packets sent from v; to vy are
dropped with probability (qm)f21+1 = 0.4% = 0.064, while
packets sent from node vs to vy, are dropped with probability
(¢'2)7" ! = 0.42 = 0.16. As soon as the packet drops
are realized, then the corresponding edges are activated to
model the update of the running sum variables, as described
in Algorithm 1. Consider the case where two consecutive
NACKs has been sent back from node vy to node wvy.
Then, we can model the delay on the initial information by



Algorithm 1 ARQ-based Ratio Consensus

1: Input: :EO =V

2: Initialization: 00 =0, yo =1, 770 =0,
3: =0, 9" =0,Vi € Nj
4: Out-degree acqulsltlon df =N h

5: for k > 0: do

6 Transmit to all v; € N +.

7: ] and y, Vs—k:—r“ .k, for k > 77
8: Receive from all v; € J\/ -

9 ,?CZandy};,thk—Th,foro<h<k

0 if 7' <7

1

j _ .
! Tht1 = ZMGN U{w; }Zr Ol’k rpﬂzkfr
. J _ ji,.J
12: Yer1 = Zvie/\fj‘u{y]} ZT:O Lk—'rp lyk_,«
18: else _ _
14: 0}y = 0y, + g,
VA | ij,
15: Mer1 = M + P Yg 4 ,
16: Transmit to all v; € N+' UiJr_l and niﬂ
17: Receive from all v; € J\/ : 0} and ;.
. i _
18: if HHT” 1
19: Xip1 = Okt
20: Vh1 = Mt
21: else B
ji o _ g
22: Xk+1 Xk
71
23: k+1 '(/}
24: end
95, i ji
25: Tht1 = Eu,e/\/ (Xk+1 Xz )
96. J _ ji
26: Y1 = Zvle/\f W’k-s-l l/fk )
27: end ,
.S _ Tkt
928: Output: 23 | = e
29: end for

(1

introducing two virtual nodes, v21) and Ug). In the next time
slot, the running sum mechanism will be activated to handle
possible packet drops since the maximum retransmission
limit has been exceeded. For this transmission, the packet
drop handling mechanism updates the running sum variables
based on the indicator variable ]Ik+721 = Hi}m If Hi1+2 =1,
then the initially transmitted information will be received by
node vy successfully. Otherwise, if node vy detects another
error in the initially transmitted packet, H%}Fz =0, then the

information will propagate to the virtual buffer vé{) (shown

in red square). The information held in vé{), is released to

the actual node vy along with the (possibly delayed) packet

that is intended to be transmitted in the next time slot.

The information release is modeled by activating one of

the virtual buffer node’s vé{)

transmission from node v to node vy, is delayed by one

outgoing links, I5,. Packet

time slot which equals to the maximum retransmission limit.

However, the packet arrives successfully at node vy since no
further error was detected in the last retransmission trial.

To emphasize the difference between the ARQ-based
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Fig. 4: Two node digraph denoting transmissions using the ARQ-
based Ratio Consensus algorithm. A packet transmitted from
node v to vy is delayed by two time slots (two consecutive
NACKs), and is dropped in the subsequent time slot. A packet
transmitted from node v2 to v1 is delayed by one time slot (one
NACK).

2) |[— 1= @1
Uél) ’Uél)

(1) P12
Vg | —

Fig. 5: Two node digraph denoting transmissions using the
Robustified Ratio Consensus algorithm. A packet transmitted
from node v1 to v is delayed by two time slots, while from wvo
to v is delayed by one time slot.

Ratio Consensus algorithm and the Robustified Ratio Con-
sensus algorithm (described in §11-C), we introduce the
digraph shown in Fig. 5. This digraph models the same
communication topology between nodes, as in Fig. 4.
However, it is easy to see that the digraph that models
the Robustified Ratio Consensus algorithm transmissions,
cannot handle packet drops, and hence, the digraph only
consists of the actual nodes and the virtual nodes that model
the transmission delays. Consequently, nodes utilizing the
Robustified Ratio Consensus algorithm, cannot converge to
the average of the network’s wide initial values if packet
drops occur during information exchange.

Remark 3. The ARQ-based Ratio Consensus algorithm can
handle (possibly) delayed information exchange between
nodes and possible packet drops due to erroneous packets.
Moreover, the ARQ error-free acknowledgement feedback
signal received by each node v; is used to determine its
out-degree dj+, notified whether a packet has arrived or not,
and determine a local upper-bound on the delays, imposed



by the ARQ retransmission limit.

IV. AUGMENTED DIGRAPH REPRESENTATION

In this section, we analyse the convergence of Algorithm 1,
by first introducing the random weighted adjacency matrix
that corresponds to the delayed and possibly packet dropping
communication topology. To simplify the analysis, we
consider identical ARQ protocols for each node. This implies
that the maximum retransmission limit is the same for
all nodes, and therefore the maximum delay on each link
77t is bounded by the maximum delay in the network,
7. Hence, for each link (edge) €, € &, we add T extra
virtual nodes, v(é), vj(.?), . ,v(;_), where the virtual node vj(-:)
holds the information that is destined to arrive at node v;
after 7 time steps. In case of a packet drop, IJ' = 0, the
delayed information (held in the corresponding virtual node
of maximum delay) will propagate in the virtual buffer node
of the original node v; instead of being received by the
original node. During the next time slot, the information
will be released either to the original node if T,ng =0,
or to the corresponding virtual node if T]Zil > 0. Note
that, the links that correspond to self-loop do not induce
delays or packet losses, and hence no virtual nodes for self-
loops are considered in the augmented graph representation.
Finally, the augmented digraph, G = (V*, &%), that models
the delayed network with packet drops consists of at most
n=|el(T+1)+n <n(n—1)(F+1)+n nodes € V* where
n nodes are real nodes, |¢|7 are virtual nodes due to delays,
and |e] are virtual nodes due to packet losses.

Hence, the consensus iterations performed by Algorithm 1,
can be rewritten in matrix form as:

(6a)
(6b)

Tp+1 = Zglr,

Uk+1 = ZkYks
where Zj, and g are vectors containing the variables of
both the actual and virtual nodes at time instant k. Note
that, Z, and g have 7 > n elements, where the first n
elements correspond to the actual nodes, while the remaining
elements correspond to the virtual nodes of the augmented
digraph. Matrix Z; € R}*"™ is a nonnegative random matrix
associated with the augmented digraph:

0 succ (0)
PIE : Dy« 0 - 0 Dy
Y Dy 1 .- 0 DY
= & : Do ' :
Sk = 7—1) (7—-1 @
P . 0 0 I D " )
P 00 o p\),
0 DY o0 - 0 D},
where each element of Pk(f) is determined by:
)y, . - P(],Z), if’r]zi:/ra (j,i)€g7
P, 1) = 8
e Ud) 0, otherwise. ®)

If the index 7 that corresponds to the block matrix p)
is equal to the packet retransmission number 77°, then the

link €7¢ will be weighted by the actual (original) weight pj;,
otherwise the weight will be zero.

Clearly the structure of matrix Z; depends on the realized
number of retransmissions and packet drops. Block matrix
Djc € RT™™ activates the virtual links that propagate the
delayed information to actual nodes. This occurs whenever
a packet is successfully received by its destined (actual) node
without error, during its last retransmission trial, 7" = 7,
Block matrix D{* e R'*™, is a diagonal matrix with its
diagonal elements having 1 if Tgi < 7%, and 0 otherwise,
for 5,4 = 1,...,n and j # i. This matrix activates the
running sum mechanism whenever the retransmission limit
of packet a has been reached. Block matrix D,‘;d eRT ™ isa
diagonal matrix of which its diagonal elements take 1—]If:+?ji.
This matrix propagates the running sum of each node to
its virtual buffer node in, whenever a packet drop occurs.
](Ql, are of appropriate dimensions, and
handle the release of information from virtual buffer nodes
to the corresponding actual or virtual node. The elements
of these matrices are placed in the corresponding row of
matrix = similarly to (8). In other words, if a packet is
dropped, the information will be held in the virtual buffer,
until the next successful (possibly delayed) transmission.
Block matrix DZ} 41 is of appropriate dimensions, and models
the self-loops of the virtual buffer nodes, whenever a packet
arrives successfully to its intended actual node, without being
dropped. Based on the aforementioned properties, it is clear
to see that matrix Z; maintains its column-stochasticity
property, although the links that establish the transmissions
between nodes might be unreliable.

Block matrices D

Prior to establishing the convergence of each node to the
network-wide average of the initial values, we first introduce
some properties of matrices Zj, similar to the ones estab-
lished in [20] for packet dropping links. Matrix Z; denotes
a particular instance from the set of all possible instances
of realized delays induced from packet retransmissions, and
packet drops. All these possible instances are in the set X,
which consists of a finite number of matrices of identical
dimensions 72 x 7, where each matrix in & corresponds to a
distinct instantiation of the packet drop indicator variable I}’
and the delay on the links 77*. Thus, each positive element
of any matrix Zj, is lower bounded by a positive constant
¢ = minjep 1/(1 + d;r), since the (i,j) element of any
Er € X can take values of either 0, 1, or 1/(1 4+ d;r) Let !
be a finite positive integer. Then, a sequence of | matrices
in X, possibly with repetition, exists, and their product in a
certain order occurs with a probability greater or equal to
some Pmin > 0. The product of these [ matrices (in a certain
order), forms a column stochastic matrix, where the rows
that correspond to the actual network nodes, contain strictly
positive values. Next, we build upon these matrix properties
for the analysis of ratio consensus convergence in Lemma 1,
Lemma 2, and Theorem 1.

Recall that each node in the network aims at obtaining



consensus to the network-wide average of the initial values:

=1 I
2F = Dieve %o = 21ev %0 = 1 Zxé )
~l l K
Dueve o  iev¥o M ey
by calculating at each time step k, the ratio:

~J
LT

z = fé’?, (10)
Y

whenever g]{c > ¢l. To establish the convergence of the
proposed algorithm to the exact average of the network-
wide initial values, we need to show that the augmented
auxiliary variable g > ¢! occurs infinitely often, and hence
as k goes to infinity, the sequence of ratio computations in
(10) converges to the value in (9) almost surely.

Theorem 1. Consider a strongly connected digraph G(V,€),
where each node v; € V has some initial value x, and yj = 1.
Let 2 (for all v; € V and k = 0,1,2,...) be the output of
the iterations in Algorithm 1. Then, the solution to the average
consensus can be obtained by each node, by computing:

. J 20
hmz;:fﬁzg§éii,wgeu (11)
k—oco y-}c n
Proof. See Appendix B. [ ]

V. NuMERIcAL EvaLuaTiON

Consider a directed network with each node v; choosing
its out-going links (including its self-loop link) based on (2),
which results into the following column-stochastic weighted
adjacency matrix:

/3 0 0 1/2 0
1/3 1/3 0 0 0

P=|1/3 1/3 1/2 0 1/3 (12)
0 0 0 1/2 1/3
0 1/3 1/2 0 1/3

The variables of each node z7, y7 are updated within
each time slot using Algorithm 1 with initial values x¢ =
(h...a)t = (456327, and yo = (v§...y0)7 =
(1111 1)7, respectively. In this example we consider that a
transmitted packet may arrive in error at the receiving node
with probability ¢7*. Fig. 6 depicts the absolute consensus
error, |2 — z*|, (2 is the average ratio among all actual nodes
in the network over all simulations) for different packet
error probabilities ¢/* and different maximum retransmission
limits (upper-bounds on the delays), for a total of 300
simulations of 100 consensus iterations. As expected, with
higher probability of packet error ¢7%, the absolute consensus
error is higher.

To get intuition regarding the convergence of the proposed
method, we consider the same ARQ) mechanism for each
node, with maximum allowable retransmission number set
to 77 = 7 = 2, which corresponds to the upper bound of
the delays on the links. Fig. ?? shows the evolution of the
ratio at node vy during the first time steps of the execution
of the ARQ-based Ratio Consensus algorithm. Node v,

0.08 T T !
® Ji=0 W =02
o ¢t =04 ¢t =06
k) 0.06 ¢di=08
I
2 0.04F b
| ;
0.02
0 2 4 6 8 10

max delay (7)

Fig. 6: Absolute consensus error, |2— z*|, for different upper bound
7 on delays, and probability of erroneous packet.

receives information from node v, (and itself), according to
the network topology modeled by the weighted adjacency
matrix defined in (12). The packet error probability is set
at ¢* = 0.6. As shown in Fig. ??, the ratio z} is updated as
soon as information packets from node v4 arrive successfully
at node v;.

ratio zj
N
|

delay
T

I N S N IR A A A N
o 1 2 3 4 5 6 7 8 9 10

iteration (k)

Fig. 7: Upper: Ratio 2z of node v1 utilizing ARQ-based Ratio
Consensus algorithm with packet error probability ¢’* = 0.6. Lower:
Snapshot of packet transmissions from node v4 to node v;. Non-

delayed transmissions are denoted with green circle marks, while

7% = 1, and 7* = 2 are denoted with orange and red, respectively.

Packet drops are denoted with red cross marks.

Next, we evaluate the ARQ-based Ratio Consensus algo-
rithm for two different communication channel conditions,
that are captured by: (a) packet error probability ¢/¢ = 0.2,
and (b) packet error probability ¢/ = 0.8. We assess both
cases for two different configurations on the maximum
retransmission limit of the ARQ-based Ratio Consensus
algorithm, 7 = 2, and 7 = 10. Fig. 8 depict the evolution of
variables 27, and y], of each (non-virtual) node in the network
with packet error probability ¢/* = 0.2, and maximum
retransmission limit 7 = 2. Due to the time-varying delays
on the links and possible packet drops, we can see that the
variables do not converge at a certain value. However, the
ratio of each node shown in Fig. 9 converges to the exact
average of the nodes’ initial values, despite the time-varying
delays due to retransmissions, and possible packet drops. The
lower plot of Fig. 9 presents the convergence of the ratio
zi when the maximum retransmission limit is set to 7 = 10.



The convergence rate under this configuration is similar to
the one with 7 = 2 since the packet error probability is
relatively small, and hence most of the packets will arrive at
their destined nodes successfully.
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Fig. 8: Variables xfe (upper), and yi (lower) of cach node vj, with
maximum delay 7 = 2, and probability of failure ¢’* = 0.2.
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Fig. 9: Ratio z] of each node vj;, with maximum delay 7 = 2
(upper), and 7 = 10 (lower), and packet error probability ¢’* = 0.2.

In contrast, when the communication channel is not
reliable (which we capture by ¢/* = 0.8), we can see that
the convergence to the network-wide average of the nodes’
initial values varies with the maximum retransmission limit.
In particular, nodes converge faster with 7 = 2 (upper plot
in Fig. 10), while for 7 = 10 (lower plot in Fig. 10), the
convergence to the network-wide average is significantly
slower. However, for all the aforementioned cases, the ARQ-
based Ratio Consensus algorithm guarantees that each node

will converge to the average consensus value despite the
ARQ maximum retransmission limit, and the packet error
probability that captures the quality of the communication
channels in the directed network.
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Fig. 10: Ratio 2] of each node v, with maximum delay 7 = 2
(upper), and 7 = 10 (lower), and packet error probability ¢’* = 0.8.

VI. CoNCLUSIONS AND FUTURE DIRECTIONS
A. Conclusions

In this paper, we proposed a distributed strategy for
discrete-time asymptotic average consensus for multi-agent
systems, in the presence of time-varying delays induced by
packet retransmissions, and packet-dropping communication
links. By incorporating the ARQ protocol in our proposed
method, the nodes in the network are able to know their
out-degrees by utilizing the ARQ feedback signals sent by
their receiving nodes. Since the nodes make use of the same
ARQ protocol, they also have the knowledge of the global
upper-bound on the delays, that is the limit on the number
of consecutive retransmissions due to packets detected in
error that were intended to arrive at the receiving nodes.
We showed that the nodes of a directed strongly connected
network can utilize the proposed distributed strategy to reach
asymptotic average consensus, in the presence of bounded
time-varying delays and packet-dropping communication

links.

B. Future Directions

A promising extension of this work to achieve faster
convergence to the average consensus value, and maintain
higher reliability of packet transmissions, is to devise a ratio
consensus algorithm based on the Hybrid-ARQ (HARQ)
protocol. This protocol incorporates Forward Error Correc-
tion (FEC) with the ARQ protocol, to reduce the frequency
of retransmission by correcting the error patterns which occur
most frequently, such that the system throughput increases,



and hence the convergence of the average consensus problem
converges faster. This extension could exploit the potential
of a wide variety of applications of distributed systems that
involve wireless transmissions.

APPENDIX A
AUXILIARY LEMMAS

Lemma 1 implies that the event gji > ¢! occurs infinitely
often and hence each node computes the ratio consensus
estimate in (10) at infinitely many time steps with probability
1. Lemma 2 implies that as k& goes to infinity, the sequence
of ratio computations in (10) converges to the network-wide
average of the initial values z* in (9) almost surely (with
probability 1).

Lemma 1. Hadjicostis et. al. [20]. Let KJ = (k] K),.. .}
denote the sequence of time instants when g, > ¢! and thus node
vj € V updates its ratio consensus estimate using (10), where
ki < ki, q, t > 1. The sequence K7 contains infinitely many
elements with probability 1.

Lemma 2. Coefficient of Ergodicity, Hadjicostis et. al. [20]. Let
L = H’Z;Ol Z¢ be the resulting column stochastic matrix from
the product of column stochastic matrices Zg. Then the coefficient
of ergodicity 6(Ly) := max; max;, ;,|Lg(j,i1) — Li(j,i2)]
converges almost surely to zero.

APPENDIX B
Proor or THEOREM 1

Proof. Theorem 1 is established following similar analysis
as in [20] mutatis mutandis, by replacing the matrix that
corresponds to the network topology of the non-delayed
case with the augmented matrix that incorporates the ARQ-
based communication protocol defined in (7). First, it is
clear to see that the evolution of the augmented variables in
(6) can be written in the following form:

- = =~ kelm \ ~ _ 1 =~
-E1=20T0 = (HZ:O :g) To = LiZo,
=1

Eodio = (II[23Z¢) Jo = Lo,

where L; = (H?;(}Eg) is the forward product of column
stochastic matrices 2, € X, V¢ =0,1,...,k — 1. From the
above notation, it is clear that for each node v; € V, we
have @] = Li(j,:)Z0 and g, = Ly(4,:)0, where Ly(j,:)
denotes the j-th row of the forward product matrix Ly.
Now consider any k > ky such that y], > c'. This implies
vl = Li(4,:)%0 > ¢! and Y, 74 = n, and hence we know that
the maximum entry of Ly(j,:) is at least ¢! /n. Moreover,
since 6 (L) < %, the columns of matrix Ly are "within
1 " of each other. In particular, the j-th row of L can

be written as Ly (j,:) = ¢}, (17 +e]), where 17 is the m-

1 .2 m

dimensional all-ones row vector, el = [ek, €4y €p ] is an
m-dimensional row vector that satisfies e’** = max; eﬁc‘ <

5 1

and ¢], >

=5, — % (assume without loss of generality that
k

i

n
L

¥ < & ). Hence, at each node vj, the ratio is obtained by:

a (17 +e]) &

. (1T +ef) 7o
(17 +ef) Zo

_ B 7)o 13
el

ﬁ _ Lk(ja:)'%o _

gl Le()do

N
.
I

First, we establish the bounds on the numerator of the above
expression as

2* —epaxpll < (17 + ) Gp < B° + epxzlel,

where % = Y, 2b, and SI°l = 37|k, for I = 1,...,n.
Now, for the bounds on the denominator, we know that
>, yh = mn, since yh =1 for I = 1,...,n. Hence, we can
bound the denominator as

n(l—ep®) < (1T + ef) Jo < n(l+ef™).

Then, the ratio of the bounded numerator and denominator
gives:
pILAE exglaxzhc\

£ —epmglel (17 +ef) do _
n (1 — epax)

n(l+ep™) = (17 +ef)do

Recall that from (9) we have z* = %El zh = %m, and thus
we get:

2 — By, < 2] <2* + Ey, (14)
where Ej = 2* (£% + 2l#l) enax /537 (1 — e@X). To ensure
that 2* — ¢ < zé < z* + € holds whenever k > k; and
k € K7, we can choose ¢ < (2ue/(X; 4 5| + 2n€)), such
that for any desirable € > 0, e} < (ne/(X; + X5 + ne),
holds. Hence, the ratio at each node in (13) converges with
probability 1 to z* as k goes to infinity. |
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